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Abstract

In this paper, we study the spectrality of infinite convolutions in R, where the spec-
trality means the corresponding square integrable function space admits a family of
exponential functions as an orthonormal basis. Suppose that the infinite convolutions
are generated by a sequence of admissible pairs in R?. We give two sufficient condi-
tions for their spectrality by using the equi-positivity condition and the integral periodic
zero set of Fourier transform. By applying these results, we show the spectrality of
some specific infinite convolutions in R,

Keywords Spectral measure - Infinite convolution - Admissible pair - Equi-positivity

Mathematics Subject Classification 28 A80 - 42B05 - 42C30

1 Introduction
Let P(R?) be the collection of Borel probability measures on R?. We call u € P(RY)

a spectral measure if there exists a countable subset A C RY such that the family of
exponential functions

{ex(x) A W= A}

forms an orthonormal basis for L2(u), where - denotes the standard inner product
on R, The set A is called a spectrum of u. Such orthonormal bases are used for
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Fourier series expansions of functions [39], therefore the existence of spectrum is a
fundamental question in harmonic analysis.

In 1974, Fuglede related the existence of commuting self-adjoint partial differen-
tial operators to the spectrality and proposed the following well-known spectral set
conjecture in [18].

A measurable set I' € R? with positive finite Lebesgue measure is a spectral
set, that is, the normalized Lebesgue measure on I' is a spectral measure, if and
only if I tiles RY by translations.

This conjecture has been refuted by Tao [40] and the others [24, 35] in d-dimensional
spaces with d > 3, but the study of the connection between spectrality and tiling has
raised a great deal of interest, see [16, 21, 25, 28].

Fractal measures usually appear as singular measures with respect to classical
Lebesgue measures, we refer the readers to [15] for details on fractal geometry. In
[23], Jorgensen and Pedersen discovered that the self-similar measure defined by

1 1
u() = Ju@ )+ Ju@ - -2)

is a spectral measure, but the standard middle-third Cantor measure is not. From then
on, the spectrality of fractal measures has been extensively investigated, and we refer
the readers to [1-14, 17, 19, 20, 23, 26, 27, 29, 30, 32-34, 37, 38]. In this paper,
we study the spectrality of infinite convolutions in R? which may be regarded as a
generalization of self-affine measures.

We write M(Rd) for the collection of all finite nonzero Borel measures on R?.
Note that P(R?) € M(R?). For u, v € M(R?), the convolution p * v is given by

M*V(B)=/ V(B —x) dM(X)=/ (B —y) dv(y),
R4 R4

for every Borel subset B C R4, For a finite subset A € R9, we define the discrete
measure

b= ﬁzsa,

acA

where # denotes the cardinality of a set and §, denotes the Dirac measure concentrated
on the point a.

Let R € M;(Z) be ad x d expanding integral matrix, that is, all eigenvalues have
modulus strictly greater than 1, and let B C 74 be a finite subset of integral vectors.
If there exists a finite subset L C Z4 such that #L. = #B and the matrix

1 o1
|: e—Zm(R b)-L

V#B :|beB,leL
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is unitary, we call (R, B) an admissible pair in RY. Sometimes, to emphasize L, we
call (R, B, L) a Hadamard triple. It is easy to verify that (R, B) is an admissible pair
if and only if the discrete measure 8 -1 admits a spectrum L C Z¢.

Given a sequence of admissible pairs {(R;, B,,)}floz1 inRY let

Hn =gt *S(ryRy) =18y ¥ * (R, . RyR)~1 B, (1.1)

We assume that the weak limit of {1, } exists, and the weak limit w is called an infinite
convolution, written as

nw = 8R]—1Bl *8(R2R1)_132 koo *B(Rn-'-RZRl)_an Xoeee (12)

Some sufficient and necessary conditions for the existence of infinite convolutions
were given in [31].

The admissible pair assumption implies that all discrete measures {1, } are spectral
measures. Therefore, a natural question arises as the following.

o]

Given a sequence of admissible pairs {(R,, B,)};,~ |, under what condition is the

infinite convolution p a spectral measure?

In fact, it is easy to construct an infinite mutually orthogonal set of exponential func-
tions, but it is very difficult to show the completeness of the orthogonal set. The infinite
convolution generated by admissible pairs was first studied by Strichartz [38] to find
more spectral measures. The admissible pair condition is not enough to guarantee
that infinite convolutions are spectral measures, see [5, 32] for counterexamples. If
(R,, B,) = (R, B) for all n > 1, then the infinite convolution w is reduced to the
self-affine measure. Dutkay et al. [14] have proved that the self-affine measures gen-
erated by an admissible pair is a spectral measure. We refer the readers to [1, 3-5, 7-9,
17, 26, 29, 30, 32-34] for other related results on spectrality of infinite convolutions.
Currently, most of the research on spectrality of infinite convolutions focus on either
the one-dimensional case or some special examples in RY.
We denote the tail of the infinite convolution u by

Ion = SRy RoR) ™ Byt * O(Rysae RaR1) ™ Bpya ¥ 777 -

Clearly, we have u = w, * (t~,. We also define a push-forward measure of u~, by
Vo = Hsn 0 (Ry ... Rle)_l = SR;J:IB"H * S(Rn+2Rn+])_an+2 koo (13)

The spectrality of the infinite convolution p relies on the properties of {v.,}. The
equi-positive condition and the integral periodic zero set were first used in [14] to
study the spectrality of self-affine measures.

First, provided a technical condition, we show that the existence of an equi-positive
family (see Definition 2.7) is sufficient for the spectrality of infinite convolutions in
R4 (also see Theorem 2.8). Analogous results in R can be found in [4, 32, 34].
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Theorem 1.1 Let {(Ry,, By)};2 | be a sequence of admissible pairs in R, Suppose that
the infinite convolution u defined in (1.2) exists, and

. —1p—1 —1y _
Tim |R7Ry R =0,

Let {v-,} be defined in (1.3). If there exists a subsequence {v~p;} which is an equi-
positive family, then . is a spectral measure with a spectrum in 7.%.

Remark In Theorem 1.1, the support of the infinite convolution  could be noncom-
pact. The authors and Miao [31] constructed a class of singular spectral measures
without compact support by showing equi-positivity in R. Analogous examples can
be constructed in R? by using Theorem 1.1.

For i € P(RY), we write
2 = [¢ € R A6 +0) = 0forali k 77}

for the integral periodic zero set of Fourier transform of 1. Next we characterize the
spectrality by using the integral periodic zero set (also see Theorem 3.1). The following
Theorems 1.2 and 1.3 in R have been proved in [30].

Theorem 1.2 Let {(Ry, B,)},° | be a sequence of admissible pairs in RY. Suppose that

the infinite convolution u defined in (1.2) exists, and
. —1 p—1 —1y _
nl;n;o IR, R, ...R, | =0.
Let {v>.p} be defined in (1.3). If there exists a subsequence {v, ;} which converges
weakly to v with Z(v) = @, then  is a spectral measure with a spectrum in 7.

Generally, it is a challenging problem to compute the integral periodic zero set of
Fourier transform. We provide a sufficient condition for the integral periodic zero set
of Fourier transform to be empty (also see Theorem 3.3).

Theorem 1.3 Let u € P(R?). Suppose there exists a Borel subset E C R? such that
W(E) > 0, and

w(E+k)=0
forall k € Z4 \ {0}. Then we have Z (1) = 9.
Remark Assume that ;. € P(R¢) has a compact support, denoted by spt(x). If there
exists xo € spt(w) such that xo + k ¢ spt(w) for all k € 7% \ {0}, then we can
conclude that Z(u) = . This is because by the compactness of spt(u), there exists a

sufficiently small open neighborhood U of x( such that (U + k) N spt(u) = @ for all
k € Z4\ {0}. Then the set E = U is desired in Theorem 1.3.

Birkhauser
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In the following, we apply Theorems 1.2 and 1.3 to show the spectrality of some
infinite convolutions in RY. First, we state a general result (also see Theorem 5.2).

Theorem 1.4 Let {(R,, By)};2 | be a sequence of admissible pairs in R, Suppose that

lim |R;'Ry'...R Y =0,

® n—00

and there exists a cube C = 1y + [0, 114 for some ty € RY such that

(i) for eachn > 1, we have Rn_l(C +b) C C foreveryb € By,

(iii) there exists an admissible pair (R, B), which occurs infinitely times in the sequence
{(Ry, B}, such that R~ (C + bg) < int(C) for some by € B.

n=1’

Then the infinite convolution | defined in (1.2) exists and is a spectral measure with
a spectrum in 7.%.

Next, we focus on admissible pairs consisting of diagonal matrices and digit sets that
satisfy the assumption (ii) for C = [0, 119 in Theorem 1.4. For the one-dimensional
case, An et al. [4] showed that given a sequence of admissible pairs {(R;, B,,)};’loz1 in
R,if R, >2and B, € {0,1,...,R, — 1} foralln > 1, and

liminf #B, < oo,
n—od
then the infinite convolution p defined in (1.2) is a spectral measure with a spectrum
in Z. We generalize their result in the higher dimension.
In R?, we use D, to denote the set of all pairs (R, B) of a diagonal matrix R =
diag(mi, ma, ..., mg), where my, mo, ..., mg > 2 are integers, and a nonempty
subset

BC{0,1,....m —1}x{0,1,...,my— 1} x---x{0,1,...,mqg — 1}.

Given a sequence {(R;, Bn)},‘j‘; | € Dy, by Theorem 1.1 in [31], the infinite convolu-
tion u defined in (1.2) exists. If, moreover, {(R,, B,,)}Zil is a sequence of admissible
pairs, then we obtain the spectrality of .« under some conditions (also see Theorem 5.3).
Theorem 1.5 In RY, suppose that {(R,,, B)}2 | € Dy is a sequence of admissible
pairs. If there exists an admissible pair (R, B) that occurs infinitely times in the
sequence {(Ry, By)}° |, and moreover, all diagonal elements of R are greater than
or equal to d + 1, then the infinite convolution p defined in (1.2) is a spectral measure
with a spectrum in 7°.

Remark The value d + 1 is a necessarily technical condition appearing in Theorem 4.1.

In particular, if {(R,, Bn)},‘i":1 C Dy is chosen from a finite set of admissible pairs,
then the spectrality of infinite convolutions follows directly (also see Theorem 5.5).

Birkhauser
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Theorem 1.6 In R?, given a sequence of admissible pairs {(R,, B2 € Dy, if

sup || Ryl < o0,
n>1

then the infinite convolution p defined in (1.2) is a spectral measure with a spectrum
: d
inZ°.

Finally, we give some examples in R? to illustrate our results.

Example 1.7 Let

w=(30)m={(3)-()-()-()}

Then the discrete measure § 1 B, admits a spectrum
1

w={(6)-(6)-(5)(5))
w=(37)2={(3)-()- ()}

Then the discrete measure & -1 B admits a spectrum
2

0 3 3
a={(0)-()-(2)}
By calculation, we have |R; || = (1 ++/5)/8 < land |R, | = ~/2/6 < 1. For
o = ()2, € {1, 21N, the sequence of admissible pairs {(Ruwy» Buy) 132, satisfies all
assumptions for C = [0, 11% in Theorem 1.4. Therefore, for w = (a)k),fo=1 e {1, 2}N,
the infinite convolution

Let

Mo =8p 1, % 8(Ryy Ry )1 By * " % O(Ryy o Ry Ry )1 By *

is a spectral measure with a spectrum in Z>.

Example 1.8 Forn > 1,ifnisodd,let R, = diag(3, 3) and B, = {(0, 0), (0, 2), (2,0)};
if niseven, let R, = diag(n,n) and B,, = {(0,0), (n—1,n—1)}. Then {(R,, Bn)}floz]

is a sequence of admissible pairs that satisfies neither the assumption in Theorem 1.4
nor the assumption in Theorem 1.6. It follows from Theorem 1.5 that the infinite
convolution

W= 8potp *O(RyR))1By * K O(R, . RyR)1B, K
is a spectral measure with a spectrum in Z2.

Birkhauser
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The rest of paper is organized as follows. In Sect. 2, we first review some definitions
and some known results, and then we give the proof of Theorem 1.1. In Sect. 3, we
study the integral periodic zero set of Fourier transform and prove Theorem 1.2 and
Theorem 1.3. In Sect. 4, we prove a key theorem for the later proof. Finally, we prove
Theorems 1.4, 1.5, and 1.6 in Sect. 5.

2 Spectrality of Infinite Convolutions

Let |x| denote the Euclidean norm of a vector x € R?, and let |z] also denote the
modulus of a complex number z € C. The operator norm of a d x d real matrix
M € M;(R) is denoted by || M|, and M T denotes the transpose of M. The open ball
centred at x with radius y in R? is denoted by U (x, y).

For a finite nonzero Borel measure 1 € M(R?), the support of 1 is defined to be
the smallest closed set with full measure, and we also say that w is concentrated on a
Borel subset E of R? if

1R\ E) =0.

For a Borel probability measure 1 € P(RY), the Fourier transform of y is given
by

RE) = [ e dut), £ B
R4
Let w, ju1, 12, ... € P(RY). We say that {i,,} converges weakly to w if

lim J @) dpn(x) = /Rd J(x) dpu(x)

n—o0 ]Rd

for all f € Cp(RY), where Cp,(R?) is the set of all bounded continuous functions
on R?. The following well-known theorem characterizes the weak convergence of
probability measures.

Theorem 2.1 Let u, ju1, 12, ... € P(RY). Then {iu,} converges weakly to i if and

only if lim [, (&) = [U(£) for every & € RY. Moreover, if {j1,} converges weakly to
n—oo

W, then for every h > 0, the sequence 1, (€) converges uniformly to j1(€) for |€| < h.

The next theorem is often used to check whether a probability measure is spectral.

The proof for compactly supported probability measures refers to Lemma 3.3 in [23].
Actually, it holds for all probability measures (see [32] for a detailed proof).

Theorem 2.2 Let 1 € P(RY). A countable subset A C R? is a spectrum of . if and
only if for all & € R? we have

QE) =Y A +8I>=1.

rEA

Birkhauser
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The spectrality is invariant under affine transformations. For a d x d nonsingular
real matrix M and a vector b € R?, we define Ty, : R — R by Ty p(x) = Mx +b.

Lemma2.3 Let v € P(RY) be a spectral measure with a spectrum A. Then u =
voTy, lb is a spectral measure with a spectrum (MY) =1 A for any d x d nonsingular

real matrix M and any vector b € R.

Proof Note that Z(€) = e 2" 65(MTE). Let A’ = (MT)~1 A, and then we have

Q) = Y G+

MNeN

— Z |e—2ﬂib'(§+)»/)"')*(MT(§ _'_)‘./))'2
MeN

=Y [PMTE+ )
reA
=1.
It follows from Theorem 2.2 that A’ = (MT)~! A is a spectrum of . O

Next lemma allows us to construct new spectral measures by convolution. One can
also see Theorem 1.5 in [19].

Lemma 2.4 Suppose that 84 admits a spectrum L C R?, where A C R? is a finite
subset. If v € P(R?) admits a spectrum A C R such that

a-A€Zforallae Aand h € A,

then u = 84 * v is a spectral measure with a spectrum L + A.
Proof Note that
Bae) = = Y 2ot
#A '
acA

Sincea - A € Zforalla € A and A € A, we have
SA(E+1)=084(&) forall A € A and & € R?.

Let A’ = L + A, and then by Theorem 2.2 we have

0@E) = Y IRE+MP = Y 1846+ + 1)1

MeA AMeN

=3 ST B + 4+ PE + L+ WP

LeL e

=YY BaG + OVE + L+ 1)

LeLl AeA

Birkhauser
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= Ba + 0P
leL
=1.

It follows from Theorem 2.2 that A" = L + A is a spectrum of u. O

Corollary 2.5 If 84 is a spectral measure, where A C 74 is a finite subset, and v €
P(RY) be a spectral measure with a spectrum in Z¢, then j1 = 54 * v is a spectral
measure.

We list some useful properties of admissible pairs in the following lemma, see [14,
26] for details.

Lemma 2.6 Suppose that (R, B) is an admissible pair in R? and the discrete measure
8 g1 admits a spectrum L C 74, Then

(1) L + £y is also a spectrum of §p-1p for all £y € RY.
(ii) The elements in L are distinct modulo RYZ¢, and if L=L (mod RYZ), then L
is also a spectrum of S p-1p.
(iii) For 1 < j < n, let (R}, Bj) be an admissible pairs in RY and let L; C 74 be a
spectrum of & R'B) Write

R=R,R,-1...Ry, B=RyRy—-1...R))B1+ -+ R;B,_1 + B,.
Then (R, B) is an admissible pair, and Sg-1g admits a spectrum
L=L +R[Ly+--+(RIR]...R_)L,.
Next, we state the definition of equi-positivity, and then prove Theorem 1.1.
Definition 2.7 We call ® € P(R?) an equi-positive family if there exists ¢ > 0 and

y > 0 such that for x € [0, l)d and u € @, there is an integral vector ky ;, € 74 such
that

x +y+ke )l >e

for all |y| < y, where k, ;, = 0 for x = 0.

Theorem 2.8 Let {(R,, B,)}>°, be a sequence of admissible pairs in R?. Suppose that

n=1
the infinite convolution u defined in (1.2) exists, and

lim |R;'Ry...R Y =0.

n—oo

Let {v~,} be defined in (1.3). If there exists a subsequence {v>n_/} which is an equi-
positive family, then w is a spectral measure with a spectrum in Z.%.

Birkhauser
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Proof Since {(Ry, B,)}32, is a sequence of admissible pairs in R, by definition, for
each n > 1, the discrete measure § - g, admits a spectrum L,, € Z¢. By Lemma 2.6
(i), we may assume that 0 € L, for alln > 1.

Since the family {v.,;} is equi-positive, there exists ¢ > 0 and > 0 such that for

x € [0, l)d and j > 1, there is an integral vector ky ; € 74 such that
|/V\>nj(x +y +kx,j)| =€

forall |y| <y, and kyx j = 0 forx = 0.
Forg > p > 0,wedefineR, ;, = RyR;—1...Rpy1,

B,y =RyRy_1...Rp2Bpy1 +RyRy—1...Rpy3Bpio+---+ RyBy—1 + By,
and
Lpg=Lpsi + Ry Lpsa -+ Ry Rppy . Ry L.

By Lemma 2.6 (iii), L 4 is a spectrum of §p—1 B,
P.q B

We construct a sequence of finite subsets A; C Z4 for j > 1 by induction. Let
my =njand Ay = Lo ;. Note that 0 € A and A is a spectrum of (,,,. For j > 2,
suppose that A ;| has been defined with0 € A; | and A ;1 is a spectrum of Hom -
Since ||(R1TR2T ...R;)—IH = ||R1’]R2*1 ...Rn_1|| tends to 0 as n — 00, we may
choose a sufficiently large integer m ; in the sequence {n j} such thatm; > m;_; and
foralld € A1,

—1 14
(RTRT ... KL )4 < z Q.1
Now we define
Aj=Aj 1 +R], {x +RT L kjihe Lm‘,.fl,mj}, 2.2)

where, by the equi-positivity of {v.,;}, the integral vectors k; ; € 7 are chosen to
satisfy

=" ((R}%l+1 R )Ty + kx,j)‘ >e (23)

for all [y| < y,and k; ; = 0 for A = 0. Since Aj_; is a spectrum of pu,; |, =

BRO_,)In Bomy by Lemma 2.6 (ii) and (iii), we conclude that A ; is a spectrum of

* B(ij_] mj RO,mjfl )71ij_l it

By, ;

Omj,l mij—1

SlnCGOGL _im; and0 e Aj_j,wehave0 € Ajand A; | C Aj.

Birkhauser
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We write

Aj,

>
Il
e

~
I
-

and prove that A is a spectrum of . By Theorem 2.2, it is equivalent to show that for
all &€ € R,

0E) =) IR0+ =1.

rEA

For & e R4, since A j 18 a spectrum of 1, i by Theorem 2.2, we have

S w0+ 5P = 1. (2.4)

)\.EAj

It follows that

STRCAOP = D [, O+ O [Tom, 0+ )|

AEA; AEA;
< > |, 5|
A.eAj
< 1.

Letting j tend to the infinity, we obtain that

@) =1 (2.5)

forall £ € R9.
Fix £ € R?. We define

FO) =B +6)% reA,
and

(A) =
i 0, ifre A\ A,

for each j > 1. For each A € A, there exists j, > 1 such that A € A for j > j;, and
hence

lim f;) = lim |7, ¢ + 21 = £,

Birkhauser
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where the last equality follows from Theorem 2.1 and the fact that {u,,,} converges
weakly to ©. Choose an integer jo > 1 sufficiently large such that for j > jj

TpT T -1 4
(RURy ... Ry )"'€| < 2. (2.6)

For each A € A; where j > jo, by (2.2), we have that
A=xi+ Rm;_, ... RaRD A2+ (R, ... RaR)) "ky, .

where A1 € Aj_jand A € Lmj,l,mj- By (2.1) and (2.6), we have that
|(RTRT ... RT )7 Ga +6)] < 7.
It follows from (2.3) that

FO) = 1RO A O = |im, O+ O |fom, O+ O
2
= [fim, 0+ O (@mi ((RITRZT LRI+ s))’
2
= (7, O+ OF [P, (R, 1 RED a2+ RT R )T G+ + Ko )|

> e’ fi(h).
Therefore, for j > jo,
fi) <e 2 f()

forall A € A.
Let p be the counting measure on the set A. We have that

| £0240G) = ¥ 170+ OF = 0.

reEA

By (2.5), f(1) is integrable with respect to the counting measure p. Applying the
dominated convergence theorem and (2.4), we obtain that

Q($)=j1LII;o/[\fj(A) dp(2)
= lim Y |, (A + &)
I 5en;
=1

Hence, by Theorem 2.2, A is a spectrum of u, and u is a spectral measure. O

Birkhauser



Journal of Fourier Analysis and Applications (2024) 30:35 Page 130f27 35

3 Integral Periodic Zero Set

First, we give the proof of Theorem 1.2.

Theorem 3.1 Let {(Ry, By)},2 | be a sequence of admissible pairs in R, Suppose that
the infinite convolution | defined in (1.2) exists, and

. —1p—1 —1y _
Tim |RTRy LR =0,

Let {v-,} be defined in (1.3). If there exists a subsequence {v~,;} which converges
weakly to v with Z(v) = W, then  is a spectral measure with a spectrum in 7.

Proof By Theorem 1.1, it suffices to show that the family {v~,,}
for some large jo > 1.

Since Z(v) = ¥, foreach x € [0, 11¢, there exists k, € Z¢ such that D(x +ky) # 0.
Thus, there exists €, > 0 and y, > 0 such that

co - . ..
- . 1S equi-positive
J=Jo qui-p

W(x + ke + )| = &x (3.1

for all |y| < y». Note that

0.11°c |J U@ wn/2).

xel0, 114
By the compactness of [0, l]d, there exist finitely many x1, x2, ..., x4 € [0, l]d such
that
q
0. 11 < (| J U e, y2,/2). (3.2)
=1

Since D(0) = 1 and V(§) is continuous, there exists Yy > 0 such that
vl =1/2 (3.3)
for all |y] < yo.
Let ¢ = min {1/4, &y,/2,6x,/2,....6x,/2} and y = min{yo, yx, /2. ¥x,/2. - ...
Vx,/2}. Leth = J/d+y+max {|ky, |, [ks,, ..., kg, |}. Since {v-, } converges weakly

to v, by Theorem 2.1, we have D~ n; (§) converges uniformly to V(&) for |€| < h. Thus,
there exists jo > 1 such that

Von,; () = V() <& (3.4
for all j > jp and all |§| < h.

Birkhauser
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For each x € [0, 1)? \ {0}, by (3.2), we may find 1 < £ < g such that |x — x| <
vx, /2. For j > jo and |y| < y, noting that |[x 4 k,, 4+ y| < A, it follows from (3.4)
that

[Von; (X + Ky, + )1 = D(x + ky, + )| — &
Since [x — x¢ + y| < yx,/2+ ¥ < ¥, by (3.1), we have that
WV(x +ky, + 9| = [Vxe +ky, +x — X0 + )| > &, > 2e.
Thus, for j > jg and |y| < vy,
Von; (X +ky, +3)] > &
For x = 0, it follows from (3.3) and (3.4) that for j > jj and for |y| < y,
Won, W= V)| —e>1/4> e
Therefore, the family {v..,;}7Z ; is equi-positive. O

J=Jo

Next, we study the integral periodic zero set of Fourier transform. Recall that the
integral periodic zero set is given by

Z(w) = {s eRd:ﬁ(€+k)=OforallkeZd}.

Let T¢ = R?/Z4, and we write M(T?) for the set of all complex Borel measures
on T¢. The following theorem is the uniqueness theorem of Fourier coefficients which
is often contained in Fourier analysis or harmonic analysis. Here we give a proof for
the readers’ convenience.

Theorem 3.2 Let v € M(T9). If the Fourier coefficient
(k) =/ e R dy(x) =0
Td

forallk € 74, then v = 0.

Proof By the Stone—Weierstrass theorem, every continuous function on T¢ can be
approximated uniformly by trigonometric polynomials. Since all Fourier coefficients
(k) = 0 for k € Z4, it follows that

f F(x)dv(x) =0
Td

for every continuous function f on T¢. By the Riesz representation theorem [36,
Theorem 6.19], we conclude that v = 0. O
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We apply the uniqueness theorem of Fourier coefficients to prove Theorem 1.3.

Theorem 3.3 Let 1 € P(RY). Suppose there exists a Borel subset E C R? such that
W(E) > 0, and

w(E+k)=0

forall k € 74 \ {0}. Then we have Z(u) = 9.

Proof Fork = (ki, ..., kq) € Z%, we write
Cr=1lki, k1 +1) x - xX[kq, kg + 1).

Since w(E) > 0, there exists ko € Z¢ such that u(E N Ciky) > 0. Replacing the set E
by E N C,, we may assume that E C Cy, for some kg € Z4 . Let E = E — ko and
o= ux* 8{—kg)- Then E C [0, l)d. Note that for all Borel subset F € R, we have
that

(F) = o 8(—ko) (F) = n(F + ko).

It follows thatﬁ(E) = w(E) > 0,and ﬁ(E+k) = u(E+k) = 0forallk € Z%\ {0}.
Since ﬁ(&) = 2"kt (E), we have Z() = Z(u). Therefore, we assume that
E C [0, 1)¢ in the following.

For & € R, we define a complex measure Mg on R by

dpe = e ™5 dp. (3.5)

Consider the natural homomorphism 7 : R? — T, and let Pe = Mg O 7~ be the
image measure on T of pe by m, i.e., for each Borel subset F' C T,

pe(F) = pg(F +Z%) = ) g (F +k). (3.6)
keZd

Since u(E) > 0, we write

1
)= ——u(- NE
v(-) /L(E)M( )

for the normalized measure of 1 on E.
Suppose that Z (i) # @. Arbitrarily choose & € Z(u), and we have that (& +
k) = 0 for all k € Z¢. This implies that

ﬁéo(k) = '/11“1 e 2mikx dug, o ”_l(x)

— / e*Zﬂl‘kﬂT(x) d“%’o(-x)
R4
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:/ 672nik~x672m’§0~x du(x)
R4

= + k)
=0

for all k € Z4. By Theorem 3.2, we conclude that pg, = 0. By (3.5) and (3.6), it
follows that

f e 2T dpu(x) = pgy (E + Z%) = pg, (E) =0,
E+74
Since w(E + k) = 0 for all k € Z2 \ {0}, we obtain that
/ e 2T 4 (x) = 0.

E

It follows that
1 ,
‘W&)z———:/eJW%*duu>=o
H(E) JE

Note that &g + k € Z(u) forall k € 74 . Thus, we have that for all k € 74,
V(& + k) =0.
Let vg, be defined by
dvg, = e 27150% dy, 3.7)

Since v is concentrated on E C [0, 1)4, Vg, can be viewed as a complex measure on
T¢. Moreover, the Fourier coefficients Ve, (k) = V(o + k) = 0 forall k € 74. By
Theorem 3.2, we have that vg, = 0. But, by (3.7) and Theorem 6.13 in [36], we have
the total variation |vg,| = v # 0, and this leads to a contradiction.
Therefore, we conclude that Z(u) = . O
The following conclusion is an immediate consequence.

Corollary 3.4 Let ju € P(R?) with spt(u) C [0, 11 If Z(w) # @, then we have
spt(w) < [0, 11\ (0, D?.

Remark 1t has been showed in [4] that for u € P(R) with spt(u) € [0, 1], Z(u) £ 9
if and only if u = 180 + 181.
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4 A Key Ingredient

In order to prove Theorems 1.5 and 1.6, we need the following Theorem 4.1 to show
that the assumption in Theorem 1.3 is satisfied by a class of measures. Recall that
M (R?) denotes the collection of all finite nonzero Borel measures on R¢.

Theorem 4.1 Let (R, B) € Dy where R = diag(my, ma, ..., mg) withmy, mo, ...,
mg > d+ 1. Associated with the digit set B, a positive weight vector (pp)pep IS given.
Let ;1 € M(R4) with spt(u) C [0, 11%. Set

v=(A*xpu)oR where A:thSb.
beB

Then there exists a Borel subset E € RY such that v(E) > 0 and
V(E+n)=0

foralln € 72\ {0}.

Remark The condition that all diagonal elements of R are > d + 1 is necessary. Here
we give an example in R2. Let

20 1 0 1 1
R = (02> , B= { <0> s <1) }, n = 55{(0’0)} + 55{(1’1)}.

Setv = (6p * 1) o R. By simple calculation, we have

1

1 1 1
=-5 ) ) ) )
V=7 {0,1/2)) + 1 {12y + 1 (12,0 + 70120}

The conclusion in Theorem 4.1 fails, and moreover, we have (1/2, 1/2) € Z(v).

For later application, we note that
spt(v) = R™'B + R™'spt(u) < [0, 117, @1

We first show Theorem 4.1 in R.
Lemma 4.2 Theorem 4.1 holds in R.
Proof Ford = 1,note thatspt(v) C [0, 1],and R > 2 is aninteger. If spt(v)N (0, 1) #
(, then the set E = spt(v) N (0, 1) is desired. Otherwise, we have that spt(v) C {0, 1}.
If both 0 and 1 are in spt(v), then by (4.1) there exist b, by € B such that
0e R 'by+ R 'spt(u) and 1 € R™'by + R~ 'spt(w).
Since spt(u) C [0, 1], it follows that

b1 =0, by = R—1, {0, 1} C spt(u).
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By (4.1), we obtain 1/R € spt(v). Since R > 2, we have 0 < 1/R < 1. This yields
a contradiction. Thus, we conclude that spt(v) = {0} or spt(v) = {1}. Then the set
E = spt(v) is desired. O

Next, we prove Theorem 4.1 by induction on the dimension d.

Proof of Theorem 4.1 We assume that Theorem 4.1 holds in RY~! for some d > 2. In
the following, we prove that Theorem 4.1 also holds in R?. The proof is split into two
cases.

Case I: there exists 1 < j < d such that M({(Xl, ..., xq) € [0, l]d 0 <xj <
1}) > (. Without loss of generality, we assume that u([O, 1191 x (0, 1)) > 0.

Let w1 and e, be the restrictions of w on [0, 1191 x (0, 1) and [0, 11971 x {0, 1},
respectively. Then = p1+p2. Setvy = (Axpug)oRand v, = (Axup)oR. Thenv =

v1+v,. Note that vy is concentrated on [0, 1197" x ([0, 11\{0, 1/mg, 2/my, ..., 1}),v2
is concentrated on [0, l]d_1 x {0, 1/mgq,2/mgy, ..., 1}, and these two sets are disjoint.
Thus, v{ and v; are the restrictions of v on [0, l]d_1 X ([O, 1I\{O, 1/my,2/my, ..., 1})
and [0, l]d_l x {0, 1/mgq,2/mgy, ..., 1}, respectively.

Define g 41 : RY — R4-1 by (x1, X2, ..., Xq) = (X1, %2, ..., %4—1). Let u' =
promyy_y. R =diagimi, my, ... ,mq_1) and B' = 74,41 (B). For b’ € B', let

Py = Z Db-
bemy i (b)

Then (py)pep’ is a positive weight vector associated with B’. Let

M= pydy. v =0 xpu)oR.
b'eB’

Since Theorem 4.1 holds in RY~!, there exists a Borel subset £/ € R?~! such that
V(E") > 0 and

V(E' +1n)=0

forall n’ € Z4=1\ {0}.
It’s straightforward to verify that

vV =vj0 7T¢;,¢11—1
Construct a Borel subset of R? by
E=E" x ([0, 11\ {0, 1/mg,2/mq, ..., 1}).
Note that v; is concentrated on [0, l]d_1 X ([0, 1T\ {0, I/my,2/myq, ..., 1}). Then
V(E") = vi(myy_(E") = vi(E' x R)
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_vl( % (10, 11\ {0, l/md,Z/md,...,l})>
= (E).
Thus, vi(E) = v/'(E’) > 0, and it follows that v(E) > 0.

Take n = (ny,...,nq) € Z4\ {0}. If ng # 0, then (E 4+ n) N[0, 11¢ = ¢, and
hence v(E +n) = 0.If ng = 0, thenn’ = (n1, ..., nq—1) € Z¢=1\ {0}, and we have

Vi(E +n) = v1<(E +n') x ([0, 17\ {0, l/md,Z/md,...,l}))
Vi ((E"+n') xR)

= vi(my g (B +n)
V(E"+n") =0.

Since vy is concentrated on [0, 17971 x {0,1/my,2/mgq, ..., 1},wehave va(E +n) =
0. Thus, we conclude that v(E + n) = 0. Therefore, the set E is desired.

Casell: foreach 1 < j <d, wehave u({(x1,...,x) € [0, 117 : 0 < x; < 1}) =
0. Note that spt(u) C [0, 17%. Thus, we conclude that

spt(w) C {(x1, x2, ..., xq) € [0, 1] : x; € {0, 1}}. 4.2)

If 0 ¢ spt(u), then arbitrarily take T = (71, 72, ..., 7y) € spt(u). We have 7; =
Oort; = lforl < j < d. Wedefine ¢ : RY - RY by (x1,x2,...,%2) >
1, y2,...,ya) where y; = 1 —x; if t; = 1 and y; = x; if r; = 0. Note that
¢! =¢and ¢(r) = 0. Set v = v o ¢. Then we have

:(A*/,QORO(PZ(()»OW)*(MO‘M)O

where i : RY — R4 is defined by (x1,x2,...,%x4) = (V1,¥2,...,yqa) where y; =
mj—1—x;iftj=1andy; =x;iftr; =0. Write A’ = Loy and ' = o ¢. It
follows that

=0 xu)oR.

Set B’ = y/(B) and py = py forb" € B'. Then we have A’ = ), _p/ pp8p. Note
that (R, B') € Dy and spt(n') = ¢(spt(n)) < [0, 19

Assume that there exists a Borel subset E’ € R? such that v/(E’) > 0 and v/ (E’ +
n'y =0foralln’ € Z\ {0}. Let E = ¢(E’). Then v(E) = v(qﬁ(E/)) =V (E) > 0.
Forn = (n1,na,...,ng) € Z4\ {0}, let n' = (ny.n}, ..., n};) where n/j = —nj if
7; =l and n/] =n; if t; = 0. Then we have

\)(E +n) = U(¢(E/) +n) = v(d)(E/ +n/)) — v/(E/ +n/) — O

The set E is desired. Thus, it suffices to show the conclusion holds for v’. Note that
0=4¢(() € ¢(spt(u)) = spt(u’). Therefore, without loss of generality, we assume
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that 0 € spt(u). Thus, by (4.1) we have
R™'B C spt(v).
In the following, we show that there exists b € B such that
R™'b+n ¢ spt(v) forany n e Z%\ {0}. (4.3)
Then the set E = {R™'b} is desired.

Now arbitrarily take b = (b(]) b(l) .. b(])) € B. If (4.3) holds, then we are

done. Otherwise, there exists n(!) = (n(l) ngl), cee nfll)) € 74\ {0} such that

R™'pW 4+ 0™ e spt(v).
Note that spt(v) C [0, 11¢. Thus, there exists 1 < i; < d such that

n =1 and b(l) 0. 4.4

On the other hand, by (4.1), we can find p@ = (b(z) b(z) R bfiz)) € B and y(l) S
spt(u) such that

R7'6M 4 0™ = R=1p@ 4 p=1yM, 4.5)

Combining (4.4) and (4.5), one has b\ = m;, — 1.

If b@ satisfies (4.3), then we are done. Otherwise, by (4.1), one can find n® =
P nP o n) e 200\ 10}, 6 = bV, b5, ... b)) € Band y? € spt(u)
such that

R15D 4 0@ = R1p® 4 g1, (4.6)

By the above argument, there exists i» € {1,2,...,d} \ {i1} such that ”1(22) = 1and

b = 0. Note that b” = m;, — 1, b = 0 and n>) = 1. Thus (4.6) implies the
following facts

(3)
bi] > mi, — 2’

If @ satisfies (4.3), then we are done. Otherwise, one can find b® =

bP b, b € B satisfying

b = mi, =3, b = my, —2, b =my; — 1 where i3 € {1,2,....d}\ {i1. ia).

We can continue the above process at most d steps to obtain b € B which satisfies
(4.3). This is because all m; > d + 1 and so at the d-th step, one can find pla+h —
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G\ Y bt € B satistying 5“1 > 1 forall 1 < i < d. This p@+D
clearly satisfies (4.3).

Now, by assuming that Theorem 4.1 holds in R9-! we have showed that Theo-
rem 4.1 holds in R?. By Lemma 4.2, Theorem 4.1 holds in R. By induction on the
dimension d, we complete the proof. O

We end this section by giving a corollary of Theorem 4.1.

Corollary 4.3 In RY, given a sequence {(R,, B,)}>
tion

ne1 € Dy, for the infinite convolu-

V= 0potp ¥ ORyR) 1By * K QR R R, K

we have Z(v) =
Proof Let R = R, ... RyRy, and

B=RsR;_1.. By +RsR4—1...R3By+---+ RyBg—1 + By.

Then (R, B) € D, and all diagonal elements of R are > 2¢ > d + 1. The measure v
can be written as

v=(p*xu)oR,

where © = (SRJileH 8(RyyaRas1)~ Bago * - Note that spt(u) < [0, 114, Tt follows
from Theorems 4.1 and 1.3 that Z(v) = @. O

5 Proofs of Theorem 1.4, 1.5 and 1.6

First, we recall a criterion for the convergence of infinite convolutions, and then we
prove Theorem 1.4.

Theorem 5.1 [22, Theorem 1] Let w1, 2, ... € P(Rd). A necessary and sufficient
condition for the convergence of the infinite convolution (11 * o * - - - is that for any
arbitrarily chosen sequence {k,} of positive integers, {p,} converges weakly to 8y as
n — 00, where pp = [ni1 % -+ % flnik,-

Theorem 5.2 Let {(Ry, By)},2 | be a sequence of admissible pairs in RY. Suppose that
()
. —1p-—1 —1y _
nll)ngo IR7"'R, ...R, || =0,
and there exists a cube C = 1y + [0, 114 for some ty € R? such that
(ii) for eachn > 1, we have Rn’l (C+b) CC foreveryb € By,

(iii) there exists an admissible pair (R, B), which occurs infinitely times in the sequence
{(Ry, B,,)}flozl, such that R=Y(C + bp) € int(C) for some by € B.
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Then the infinite convolution | defined in (1.2) exists and is a spectral measure with
a spectrum in 7.%.

Proof Let {u,} be defined in (1.1). We have
spt(tn) = Ry 'Bi + (RoR) ™ 'Ba+ -+ + (Ry ... RaR) ' B,
By the assumption (ii), we have Rn_1 (B, + C) C C forall n > 1. Thus,

R{'Bi+ (ReR)™'Bo+ -+ (Ry ... RoR) ' By + (Ry ... R2RD ™' C
RT'By+ (ReRD™ Byt oo+ (Rumt o RaR) ™ (R By + ©)

C R'Bi+(RR) ™ 'Ba+ -+ (Rye1 .. RoR) ' Byi + (Ru1 ... RaR)D'C
g ......

S R'(B1+0)

cC.

It follows that
spt(un) € C — (R, ... RaR)”'C. (5.1

Choose a sequence {k,}° | of positive integers in an arbitrary way. Foreachn > 1,
define

Pn = SRyt RaR) ™ Buy ¥ ¥ SRy RaR) T By -

Then Pn = )\,n o} (Rn e R2R1) where )\,n = SR,;{lBIH—] k- .*S(RnJrkn---Rn+2Rn+l)7an+kn .

By the same argument for u,, we have spt(A,) € C — (Rp4k, - - - RHZR,,H)_IC.
Thus,

spt(pn) = (Ry ... RaRD) ™ 'spt(hy) S (Ry ... RyR)™'C — (Rug, ... RaRD) 7' C.

By the assumption (i), the sequence of sets {spt(p,)} shrinks to the origin point 0.
Therefore, we have {p,} converges weakly to &y. Since the sequence {k, };° , is arbi-
trarily chosen, by Theorem 5.1, we conclude that the infinite convolution p exists.

For y > 0, define C, = C + [—y, y14. It follows from (5.1) and the assumption
(i) that for any given y > 0, spt(u,) € C, for sufficiently large n. Note that {u,}
converges weakly to w. Thus, we have spt(u) € C,, for all y > 0. It follows that
spt(in) € C. Let {v~,} be defined in (1.3). Similarly, we also have spt(v~,) € C for
all n > 1. Since (R, B) occurs infinitely times in the sequence {(R,;, B,l)}floz] , let

{n]9n27 n37 } = {n 2 1 : (an Bn) = (R’ B)}v

where n; < np» < n3 < ---. By the weak compactness of {v-,}, the sequence
{v>y, } has a weak convergent subsequence. By taking a subsequence, we may assume
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that {v-,, } converges weakly to a Borel probability measure p. Moreover, we have
spt(p) € C. Note that vo—1 =8p-15  * (Vs 0 Ry) = Sg-1p5 % (Vsp, o R). Thus,
ﬂk Ilk

{v>n,—1} converges weakly to v = §z-1 5 * (p o R). It follows that
spt(v) = R~! (spt(p) + B).

By the assumption (ii), we have spt(v) € C. By the assumption (iii), we have E =
spt(v) Nint(C) # @, and hence v(E) > 0. For any n € Z¢ \ {0}, noting that E +n C
int(C)+n, we have (E+n)NC = @. It follows that v(E +n) = Oforanyn € 77\ {0}.
By Theorem 1.3, we have Z(v) = . It follows from Theorem 1.2 that u is a spectral
measure with a spectrum in Z?. O

Remark (a) By Lemma 2.6 (i) and Lemma 2.3, the translation of the digit sets B,
does not change the admissible pair assumption and the spectrality of the resulting
infinite convolution. Thus, in practical applications we can translate the digit sets
B, to check whether the assumptions (ii) and (iii) are satisfied or not.

(b) If there are only finitely many terms in the sequence {(R,, By)},2 | not satisfying

the assumption (ii), then we can choose a sufficiently large integer n¢ such that the

admissible pair (R, By,) satisfies the condition (ii) for all n > ng + 1. Applying

this theorem to the sequence {(Rj, B,l)},fin0 L1 We obtain that v ,, defined in
(1.3) is a spectral measure with a spectrum in Z4. Note that Hsng = Vspy O
(Rpgy ... R2Ry1). By Lemma 2.3, u~,, admits a spectrum in (R, ... R2R1)TZd.
Finally, by Lemma 2.4, we also conclude the infinite convolution pt = i, * > p,
is a spectral measure.

(c) If we replace the set C by a smaller set C" which is contained in some cube

fo + [0, 1]¢ in the statement, then the result remains valid.
By using Theorem 4.1, the proof of Theorem 1.5 is similar to that of Theorem 1.4.

Theorem 5.3 In RY, suppose that {(R,,, By)}2, € Dy is a sequence of admissible
pairs. If there exists an admissible pair (R, B) that occurs infinitely times in the
sequence {(Ry, By)},° |, and moreover, all diagonal elements of R are greater than
or equal to d + 1, then the infinite convolution u defined in (1.2) is a spectral measure
with a spectrum in 7.

Proof Let
{ni,n2,n3,..}={n=>1:(Ry, By) = (R, B)},

wheren| < ny < n3 < ---.Let{v.,}bedefinedin (1.3). Since {(R,, B,)};2; € Dy,
we have spt(v~,) € [0, l]d for all n > 1. By taking the subsequence of {ny}, we may
assume that {v-,, } converges weakly to a Borel probability measure p with spt(p) <
[0, 11¢. Similarly, note that v~ | = 8R;18nk % (Van, © Ryp) = g1 % (V=p, o R),
and thus we have {v.,,_1} converges wea’idy tov=38p-1p%x(poR) = (8p*p)oR.
By Theorems 4.1 and 1.3, we have Z(v) = (. By Theorem 1.2, i is a spectral measure
with a spectrum in Z¢. O
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The following lemma is needed to prove Theorem 1.6.

Lemma5.4 For f € Cpr(RY) and & > 0, there exists ng > 1 such that for any sequence
{(Ru, B)}32 | € Dy, we have

<eg,

'/ fx) duno(x)—/ J(x) dp(x)
R4 R4

where  is the infinite convolution defined in (1.2) and {j1,,} is defined in (1.1).

Proof Let {v-,} be defined in (1.3). Since {(R,, By)};2; € Dy, for each n > 1 we
have

spt(ien) C [0, 117 and spt(v=,) < [0, 1]9.
Note that v, = jt~, o (R, ... RaR1)™'. This implies that

spt(i=n) = (Ry ... RaRy) ™ 'spt(v=,) € [0,27"17.

For f € Cp (]Rd )and ¢ > 0, since f is uniformly continuous on [0, 2]4, there exists

0 < y < 1 such that for all x, y € [0, 2]¢ with |x — y| < y we have
[f(x)—f <e. (5.2)
Since
[ S ) dux) = / J ) dpp * psp (x)
R4 R4

= /Rd /Rd FOo+y)dpsn(y) duy(x),

by choosing a sufficiently large integer ng such that 2="%0 < y/+/d and (5.2), we have
that

‘/ J(x) dpang (x) —/ J(x) d(x)
Rd R

= ‘\/Rd \/Rd (f(-x)_f(x+y)) d/,L>nO(y) dl”“no(x)

< / / | () = fx+9)| ditsng(») ding(x)
(0,114 Jjo,2-014

<&,
as desired. O
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Theorem 5.5 In R?, given a sequence of admissible pairs {(R,, B2 € Dy, if

sup [ Ry || < oo, (5.3)

n>1

then the infinite convolution  defined in (1.2) is a spectral measure with a spectrum
: d
inZ°.

Proof Let H = {(Ry, B,) : n > 1}. The assumption (5.3) implies that the set H is
finite, denoted by

H = {(R},B). (R, By, ..., (R, B))}.
Let Q = {1,2,...,m}N. For o = (o), € Q, let

,wa:a(R(/Ul)—lB(;)l *8(R[/UZR(/UI)—IB(L2 *"'*(S(R/ R R )~ IB/

w01

For g > 1, we write

Hoq = Og tp, *O(Ryy Ry Buy * " % O(Ryy Ry Ry~ Buy -

For the infinite convolution u defined in (1.2), there exists n € 2 such that u = .
Let {v>,} be defined in (1.3), and let o denote the left shift on 2. Then we have

Von = Ko (n)-

By the compactness of €2, there exists a subsequence {n;} of positive integers such
that {o""/ (17)}Oo | converges to ¢ in 2 for some ¢ € Q.

For f € Cp (Rd) and ¢ > 0, by Lemma 5.4, there exists go > 1 such that for all
j =1,

70 s 0= [ 7600 0] <

and

' / £ ditggn () — / £ de ()
Rd ]R‘l

e
< —.

2
Since {o"J (n)} —, converges to ¢, there exists jo > 1 such that for j > jj, we have

He"im.go = He.q0-

Thus, it follows that for j > jo,

< é&.

'/]A{d fx) d,ug”j(n)(x) - ,/]Rd f(x) d,bL;- (x)
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Since f and ¢ are arbitrary, this implies that the sequence {v-,; = 1,7;,,} converges
weakly to 1.

By Corollary 4.3, we have Z(u;) = ¥. By Theorem 1.2, it follows that p is a
spectral measure with a spectrum in Z¢. O
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